Abstract-The main objective of this paper is to carry out a rigorous hydrodynamic analysis of gulf-stream turbines and determine power for a range of flow and geometric parameters. For the purpose, a computational tool based on the vortex lattice method (VLM) is developed. Velocity of the flow on the turbine blades, in relation to the free-stream velocity, is determined through induction factors. The geometry of trailing vortices is taken to be helicoidal. The VLM code is validated by comparing its results with other theoretical and experimental data corresponding to flows about finite -aspect ratio foils, swept wings and a marine current turbine. The validated code is then used to study the performance of the prototype gulfstream turbine for a range of parameters. Power and thrust coefficients are calculated for a range of tip speed ratios and pitch angles. Of all the cases studied, the one corresponding to tip speed ratio of 8 and uniform pitch angle 2 0 produced the maximum power of 41.3 [kW] in a current of 1.73 [m/s]. The corresponding power coefficient is 0.45 which is slightly less than the Betz limit power coefficient of 0.5926. The VLM computational tool developed for the research is found to be quite efficient in that it takes only a fraction of a minute on a regular laptop PC to complete a run. The tool can therefore be efficiently used or integrated into software for design optimization.
I. INTRODUCTION
The Gulf Stream transports a large volume of water (~30 Sv) at a high speed (~2.0 m/s) along the Florida's east coast [1] . The stream also passes very close to land off south florida (see Figure 1 ). The gulf-stream is therefore a highly-potential and economically-feasible source of renewable energy. At the Florida Atlantic University (FAU), efforts are underway to develop ocean energy technology, in particular to develop and install a prototype ocean current turbine (Figure 2 ) in the Gulf Stream off the coast of Ft. Lauderdale. At present, the design and assessment of wind and current turbines are largely based on empirical formulas or approximate theories such as that based on the actuator-disk model [2] . In the present work a rigorous hydrodynamic model based on the vortex lattice method [3] [4] is developed for the purpose [5] . The computational model is used to determine the performance of a current turbine for a range of parameters such as pitch and chord distribution, current velocity, tip-speed ratio etc and thereby to identify the critical parameters affecting the hydrodynamic performance of the turbine. The model is also used to assess the validity of commonly-used empirical formulas.
The vortex lattice method has been demonstrated, through various applications, to be an accurate model for lifting surfaces [4] . The method involves distribution of horseshoe vortices on the mean camber surface of a turbine blade; the vortex strengths are determined based on the flow-tangency condition. Knowing the vortex strengths, one can determine the lift and induced drag using the Kutte-Joukowski theorem. One can resolve the lift and drag forces along directions parallel and perpendicular to the current ( Figure 3 ) and through appropriate integrations determine the torque and power generated by the turbine [5] . In the VLM modeling of the turbine, the onset flow on a turbine blade is the resultant of current velocity, transverse velocity due to rotation of the blade and the vortices of the remaining blades of a turbine [5] .
II. FORMULATION OF THE PROBLEM

A. Potential Flow
In fluid dynamics, an irrotational flow velocity can be described in terms of velocity potential , as follows [6] :
(1) the equation of continuity becomes 0 (2) Upon of solving the above Laplace equation for the velocity potential, subject to appropriate boundary conditions, one can determine the velocity from its gradient and the pressure using the Euler's integral (Bernoulli's equation).
B. Biot-Savart Law
There are several techniques for solving the Laplace equation and the one considered in the present paper is based on the distribution of vortices (in particular line vortices). One can determine the velocity field induced by potential line vortex using the Biot-Savart Law. Per Biot-Savart Law, the differential velocity induced at a point due to a vortex filament segment dl of strength Γ is given by,
For a vortex segment of finite length, integration of the above gives [7] Γ 4 cos cos
where, Г is the strength of the vortex, r is the perpendicular distance between the point and the vortex line, V is the induced velocity θ 1 and θ 2 represents the angles between the line and the two ends of the vortex segment. In the case of a vortex segment of infinite length, θ 1 = θ 2 = 0 and therefore Γ 2 .
(5)
C. Horseshoe Vortex
The horseshoe vortex represents a vortex system containing one finite bound vortex and two semi infinite trailing vortices. The finite vortex has the two end points in the field, where as the semi infinite vortex has one point in the field and the other extends to infinity. As the name says the shape of the vortex is vaguely reminiscent to a horseshoe.
The finite vortex is called the bound vortex which produces the lift as stated by the Kutta-Joukowski theorem. The semi infinite vortices are called as trailing vortices and responsible for the downwash velocity which induces a drag on the wing. The drag force acting on the wing is lift induced drag and is normal to the lift force. According to Prandtl, the vortex strength (circulation Г) reducing along the span of the wing is shed in the vortex sheet leaving the trailing edge. The detailed derivation of the velocity induced by the horseshoe vortex is given in [5] 
D. Description of Flow and Forces of a Turbine Blade
The flow along the turbine is illustrated in Figure 3 . The lift force on a differential element at radial distance r is denoted as dL, and by definition is normal to the resultant velocity of the blade relative to the fluid and the drag force dD in direction opposite of the resultant blade velocity. The lift and drag force components, resolved in directions parallel and perpendicular to the current are denoted as dT and dH respectively. The dT component represents the drag force of the current. The differential torque dQ is the moment of dH; i.e., dQ = r .dH. Next, let us examine the flow characteristics of blade section. The transverse velocity due to rotation is equal to 2πnr. With incoming current velocity represented as V ∞ , the resultant velocity of the blade with respect to the fluid is the vector sum of 2πnr and V ∞ . The angle of attack of the blade section is given by (6) where θ is the pitch angle and
Referring to Figure 3 , one can note the following relations for the force, moment and power on as differential element:
. . sin cos (10) 2 2 . sin cos (11) By integrating the above, one can determine the total thrust, torque and power.
III. VORTEX LATTICE METHOD
In this chapter, we present the essentials of the vortex lattice method, in particular the discretization of the lifting surface, solution of the matrix equation for the circulation strengths and the determination of the lift force. 
A. Generation of Lattice
In vortex lattice method, a lifting surface is divided into a grid in such a way that span wise divisions are made parallel, at least approximately, to free stream streamlines and chord wise divisions are made long constant percent chord lines. The trailing vortices start from the span wise divisions of the lifting surface on the upstream end and pass along the chord wise divisions to infinity. Each horseshoe vortex is placed on the associated panel of the lifting surface. As per incompressible, thin airfoil theory, the aerodynamic center of a surface is at the quarter chord [8] . Thus, the finite bound vortex is placed along the panel quarter-chord and has the end points on the panel edges. The rest of the horseshoe comprises of two trailing vortices which has an endpoint at the bound vortex and trails off to infinity. Each horseshoe vortex is associated with one lifting panel. In order to model the entire flow field, the horseshoe vortices from all panels are assembled thus forming a vortex lattice. Each panel has a point, called control point at which the flow tangency boundary condition is satisfied. On each panel, it is located at three-quarter length chord-wise and centered between the trailing vortices of adjacent panels. In the matrix, the tangency boundary condition can be written as
where, C is the influence coefficient matrix, Г is the circulation distribution vector and V is the downwash velocity distribution vector. 
B. Influence of Coefficient Matrix for Turbine Blade Analysis
The influence coefficient matrix C for the turbine is found by using a procedure similar to that used for the wing. The integration of the Biot-Savart Law is performed using a numerical representation of each vortex filament as a series of discrete line segments.
In a turbine, the multiple blades on a turbine configuration are arranged symmetrically as shown in the Figure 5 . In geometric modeling, only the base blade geometry is initially entered. This base blade establishes the locations of the control points and the horseshoe vortices. By symmetry, the locations of the control points and the horseshoe vortices of the remaining blades are established. Similarly, in determining the induced velocity, after performing the summation of integrations over all of the vortex filaments of the base blade, the procedure is repeated with vortex filaments displaced 2π/N radians (where N is the number of blades). Note that we consider all the blades together in the modeling and simulation, but the symmetry of blades helps to simplify the computation of vortex locations and induced velocities.
C. Boundary Condition Vector
The boundary requirements for the turbine problem are the same as those for the wing, in that no flow is allowed to pass through the control points. The components of the boundary condition vector for the turbine are more complex than those of the wing boundary condition vector. In case of the flat, untwisted wing, the boundary condition becomes (-V ∞ * α) and this is constant for all panels. For the turbine, V ∞ becomes the local total velocity (V TOT ), equal to the vector sum of current velocity and panel rotational velocity. The current direction is normal to the plane of rotation, therefore
Each panel is oriented parallel to this local total velocity vector at the zero local angle of attack condition. Radial distribution of the angle of attack, which depends on the pitch distribution, rotational speed of the blade and current velocity according to the following equations discussed earlier is then specified for each of the panels in the vortex lattice.
D. Determination of Circulation Strengths and other Quantities of Interest
The matrix equation corresponding to the no-flux condition is then solved to determine the span wise and chord wise distribution of circulations in the vortex lattice. Once the circulation distribution along the turbine blade is found, the performance parameters are calculated. Lift force is found using the Kutta-Joukowski theorem [9] .
The corresponding lift coefficient is given as
where, A n is the area, approximated by the product of panel span and panel chord C n , the expression for the lift coefficient becomes
The panel pressure (which in actuality is the local pressure difference between the pressure and suction sides) is found by dividing the lifting force by the panel area.
The panel pressure is assumed constant throughout each of the panels in the lattice. Thrust and torque are calculated from the lift force as described earlier. However we cannot compute the viscous drag, because we are considering the flow to be inviscid. The induced drag is given by ( [3] )
where, D n is the induced drag of the n th panel and α i,n is the induced angle of attack of the n th panel. The induced incidence α i [3] is given by 1 8
.
where, C L is the lift coefficient, c is the chord, l is the span, y is the point at which induced incidence is calculated and η is point varying along the span. Power coefficient C P is found by dividing the rotor power obtained (the product of torque (Q) and omega (2πn)) by the maximum available power.
E. Onset Flow at the Turbine
In the vortex lattice method, one specifies the onset flow on the blade panels which would be different from the upstream far-field (ie., free stream) current velocity because of the pressure variations along the axial direction and vortices trailing in the swirling wake. The onset velocity on the blade can be different from the free-stream velocity not only in magnitude but also in direction. To determine the velocity at the turbine we employ an approach suggested in [2] which use the classical blade-element and momentum theories for turbine flows. This involves iterative determination of induction factors that correct for the magnitude and direction of the flow incident right on the turbine blades. This methodology is explained in [5] . In methods based on the discretization of the entire flow field, one could specify the current velocity at the upstream open boundary, but in the present surface integral formulation such as VLM only the treatment of the sort used above is possible.
F. Trailing Helical Vortices
For the turbine case, the streamlines are not rectilinear, but helical. To model the turbine in a manner consistent with the vortex lattice method the span wise divisions must follow free streamlines. Using this framework, the span wise divisions are made such that each lies along a line of constant distance from the axis of the turbine rotation as shown in Figure 6 . Chord wise divisions are made along lines of constant-percent-chord, similar to that done for the wing analysis. Also for the turbine case, the control points are positioned at the three quarter chord lines or two quarter chord from the bound vortex. Each control point is placed along the mean width span-wise of its panel in order to be properly centered between the filament legs or trailing vortices. Detailed explanation is given in [5] . 
A. Flow About a Flat Plate
From thin airfoil theory, we know that the lift coefficient for flat plates with small angle of attack is given by [6] . As validation, flow about a flat plate is simulated using the vortex lattice method and the VLM results compared with the above theoretical result (see Figure 7 ). In the VLM simulation, the plate dimensions and flow parameters are taken to be Panel Size = 30 X 30 As can be noted, the agreement between the VLM results and the theory is excellent in particular at small angle of attack which is to be expected because the linear inviscid air-foil theory is more accurate at smaller angles of attack.
B. Comparisons with Prandtl's Lifting Line 3D Theory
Next, VLM computations are carried out for the lift coefficient C L of finite-aspect ratio wing and comparing with Prandtl's lifting line theoretical results ( [3] , [10] ). Here the length (span wise) is taken to be 10m and the width (chord wise) is varying with respect to aspect ratio, ranging from 0 to 20. The angle of attack is taken as 6 o . The plate is discretized with one panel chord wise and 5 panels span wise. As can be observed from Figure 8 , the agreement between the VLM and the lifting-line theory is quite excellent. However the results obtained with 5 panels span wise and 5 panels chord wise show larger difference (Figure 9 ), because the lifting-line theory which uses only one bound vortex is more closer to VLM modeling with one chord wise panel.
C. Flow Past a Swept Wing
Another case considered for validation is analysis of flow past a swept, planar, uncambered wing with an aspect ratio of five and a swept angle of 45 o , as illustrated in Figure 10 . The same problem has been analyzed using the VLM in [3] . Experimental measurements have also been made for this problem by [11] . The flow field under consideration is symmetric with respect to the X-Z plane. As shown in Figure 10 , the plan form of the wing is discretized with 8 panels symmetrically distributed over the y-axis of the wing, i.e., 4 on the starboard side and the other 4 on port side. Each panel spans the entire chord. The trailing vortices are parallel to the x-axis.
The lift curve generated using the present VLM is compared, in Figure 11 , with experimental results reported in [11] . The experimentally determined values of lift coefficient are for a wing of constant chord and of constant section which is swept 45 degrees. The slope of a lift curve computed by [3] equals 0.0601 per degree, while the slope of a lift curve calculated by the present VLM code is 0.0601 per degree. The error is 0 %; in other words, our VLM results exactly match with the VLM results obtained in [3] . Also note that the VLM code calculated lift coefficients are in good agreement with the experimental values, in particular at low angles of attack. The discrepancy at large angle attack is perhaps due to viscous effect not captured in the VLM.
D. VLM Analysis of a Turbine Designed for Alderney Race in Channel Islands
In [12] , experiments were carried out to assess the performance of a marine current turbine designed for operation in the Race of Alderney in the Channel Islands. The experiments results were carried out in a cavitation tunnel for five hub pitch angles ranging from 15 o to 30 o and tunnel speeds ranging from 0.8 to 2.0 m/s. The turbine model and experimental set up is shown in Figure 12 . Using the VLM code developed, we numerically studied the performance of the turbine and made comparison of the results. The results corresponding to the case of hub pitch angle of 20 o and current velocity of 1.73 m/s is shown in Figure 13 . The difference in the computed and experimental results ranges between 10% and 25% depending on the TSR. The difference could be due to several reasons such as (i) the VLM model works well for thin foils while the turbine blades used in the experiment are not thin enough for the thin foil theory to be fully valid, (ii) errors in the experimental measurements and (iii) viscous effects not considered in the VLM model
The validation study carried out in this chapter demonstrates that out VLM code is accurate and hence can be applied to the study of turbine flow. Figures 14 and 15 . As can be observed, at a fixed TSR, the power coefficient decreases with increase of θ which is to be expected since the angle of attack decreases with θ (recall, α = β -θ and for a particular TSR β will be constant). The trend of the thrust coefficient is also similar to that of the power coefficient. However, for a give pitch and TSR, the magnitude of C T is large than of Cp as to be expected. In the case of propeller, the ratio Ct/Cp represents efficiency. One may take the reciprocal Cp / C T to be a measure of turbine efficiency which is plotted in Figure 16 . One finds this ratio to increase with increase of θ. Typical radial variation of the local angle of attack for a range of TSR values, corresponding to a uniform pitch angle of 6 o , is presented in Figure 17 . One can observe that the angle of attack increases with radius at the hub, reaches a maximum at around 35% of the blade radius, and then decreases along the radius. The distribution of the lift coefficient along the radius for the above case is given in Figure 18 . Here one observes the maximum C L decreases with the radius which is also due to the fact that the coefficient is normalized in terms of local velocity magnitude which includes the transverse component of velocity Ωr which increases with the radius. The dimensional lift for the same case is shown in Figure 19 ; here one observes the loading to be elliptic on the blades. The variation of the total lift coefficient and drag coefficient with respect pitch angle θ for a range of TSR is given in Figures 20 and 21 , respectively. We observe the coefficients to decrease with increasing θ, because of α decreasing with increase of θ. We also note these coefficients to increase with decreasing TSR. The magnitude of the drag coefficient is much smaller than the lift coefficient, as to be expected. The graph of torque coefficient versus TSR for a range of uniform θ is given in Figure 22 . The general trend is for Cq to decrease with increasing of both θ and TSR. Note that Cq is nothing but Cp/TSR.
Next, results for the COET prototype turbine corresponding to varying pitch angles along the radius are presented. A typical radial variation of the pitch angle of the COET turbine is shown in Figure 23 o is given in Figure 26 . As observed earlier, the maximum angle of attack occurs between r/R=0.35 and 0.45. The radial variation of the lift coefficient for the above case is given in Figure 27 . Here again, as observed in the case of uniform pitch distribution along the radius, the lift coefficient decreases with the radius with a minimum occurring at around r/R = 0.35.
The power generated by COET blade is provided in Table 1 . The maximum power generated by the COET blade is 41. Based on the results presented, one could draw some overall conclusions as follows:
1. The TSR corresponding to the maximum power coefficient Cp depends on the pitch angle of the blade, with the TSR corresponding to the maximum Cp decreasing with increase of the pitch angle. 2. For a given TSR, the power coefficient decreases with increase of the pitch angle. 3. The maximum local angle of attack, for the COET turbine, occurs at around r/R=0.35 4. The lift coefficient, normalized with respect to local blade velocity, of the COET turbine decreases with the radius as to be expected. 5. The variation of the pitch (twist) angle along the radius could significantly affect the power coefficient. With the present VLM tool, which is computationally less demanding and yet can provide accurate results, one could investigate a large family of blade geometries and inflow conditions and obtain an optimum design. The present model involves few limitations such as (i) requirement of the thin sections, (ii) small angle of attack, Future works may improve upon these limitations. Also, in the present work the geometry of the trailing vortices is assumed. By carrying out unsteady simulation, in which the evolution of the trailing vortices is tracked, one can determine the exact steady state condition of trailing vortices and there by determine the performance of turbine more accurately. As a work in progress, we also extend the algorithm to include viscosity effects, in particular the viscous drag, in some empirical fashion so that the predicted results would be more realistic at large angle of attack. Using a vortex panel method (VPM), in which both pressure and suction sides of a lifting surface are discretized and flow analyzed, flow about thick turbine blades can be modeled more accurately. By comparing the VLM and VPM results with that from CFD analysis of turbulent flow equations, one can assess the significance of viscosity and turbulence. The results of the ongoing work will be reported in the future. 2  3  4  5  6  7  8   2   0   22  28  33  36  39  40  41   4   0   21  27  31  34  36  37  38   6   0   20  25  28  30  30  29  27   8   0   19  23  25  25  23  19  19 
